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Introduction

The material presented today is an offshoot of work that was done when I was
working at IBM Research, Yorktown Heights, NY with the Scratchpad Group in
the 1980s. The system we will be using for this is again, AXIOM. Background
material is in [1, 2, 3, 4, 8, 12, 13] which we have already discussed.
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2.1

Homological Perturbation Theory
The Perturbation Lemma

Recall that given an SDR and, in addition, a second differential d0Y on Y , let
t = d0Y − dY . The perturbation lemma, states that if we set tn = (tφ)n−1 t, n ≥ 1
and, for each n, define new maps on X,
∂n

= d + f (t1 + t2 + . . . + tn−1 )∇

(1)

∇n

= ∇ + φ(t1 + t2 + . . . + tn−1 )∇,

(2)

fn

= f + f (t1 + t2 + . . . + tn−1 )φ

(3)

φn

= φ + φ(t1 + t2 + . . . + tn−1 )φ,

(4)

and on Y :

then in the limits, provided they exist, we have new SDR data
∇∞
(X, ∂∞ )  ((Y, d0Y ), φ∞ ).
f∞
More examples relevant to this lecture may be found in the preprint of [11],
[10], [8], [9], and other references you already have.
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The Klein Bottle

The Klein bottle may be described using identifications of the sides of a rectangle
as shown in Figure (1). The vertical identifications give a cylinder and if the
-

?


?

Figure 1: Klein Bottle Construction
horizontal identifications were in the same direction, one would have a torus,
but since they are reversed, one has a sort of “twisted torus”. Such an object
cannot be embedded in three-space, but requires at least four dimensions.
As mentioned above, the Klein Bottle K is a kind of twisted torus. As such,
it is a non-trivial circle fibration over a circle:
S1

- K
(5)
?
S1

Taking fundamental groups, one obtains a split exact sequence

Z

- G

-

Z

(6)

for the fundamental group G of K. Since K is a K(G, 1) [15], [16], the homology
of G is the homology of K, but we will go further than that in the next section.
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A resolution of
of G

Z over the integer group ring

In this section, a transference problem will be set up. From above, G is a nontrivial semi-direct product of Z with itself and the only non-trivial morphism
from Z - Aut(Z) is given by 1 - (n - −n), as a group, G is isomorphic
to Z2 with the operation
x · y = (x1 + (−1)x2 y1 , x2 + y2 ) = x + y + P (x, y)
where x = (x1 , x2 ), y = (y1 , y2 ) ∈
abelian group law.

Z2 and P
2

(7)

is a perturbation of the usual free

Let A = Z(G) and A0 = Z(Z2 ). A well-known resolution of Z over A0 is
given by the Koszul–Tate resolution, where we consider Z2 as the free abelian
group generated by elements t1 and t2 :
A0 ⊗ E[x, y]



-

Z.

(8)

- t1 − 1 and y
(one extends the A0 -linear map x
derivation [17]). It can be shown that one has an SDR

- t2 − 1 as a graded

∇
A0 ⊗ E[x, y]  (A0 ⊗ B̄(A0 ), φ).
f

(9)

where A0 ⊗ B̄(A0 ) is the bar construction (see [5] for the bar construction).
This is a special case of what is constructed in [10].
Now additively, i.e. as Z modules, B(A0 ) = A0 ⊗ B̄(A0 ) may be identified
with B(G) = A ⊗ B̄(A). Thus, we have a transference problem for the SDR
(9) using the initiator t = ∂G − ∂Z2 where ∂ denotes the differentials in the
corresponding bar constructions (both considered as being on B(A0 )).
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The Algorithm and Computation

5.1

The Algorithm

Let z be an element in the Koszul-Tate resolution above and let b ans 1, t ans,
ans t phi, and d inf be in the bar construction above. Also let t phi = tφ
and d denote the differential in the Tate-Koszul resolution. The following is
pseudo-code for the perturbation lemma:
d_infty (z) =
b_ans_1 = nabla z
t_ans = t (b_ans_1)
ans = ans + t_ans
while (not zero? t_ans) repeat
ans = ans + t_ans
t_ans = t_phi (t_ans)
return d(z) + rho(ans)
We’ll be discussing the complete program details in the next few lectures.

5.2

The Computation

The results of executing the algorithm above give the desired resolution. We
have the A-linear differential
d(1)

=

0

(10)

d(x)

= t1 − 1

(11)

d(y)

= t2 − 1

d(xy)

=

(−t2 −

(12)
t−1
1 )x
3

+ (−1 +

t−1
1 )y.

(13)

The reduced differential has only one non-zero term, viz.
d(u1 u2 ) = −2u1

(14)

which gives the correct homology for the Klein bottle
H0 (K)

=

H1 (K)

=

Z
Z ⊕ Z/2

Hn (K)

=

0, n > 1.

(15)
(16)
(17)

Note that one can also obtain the contracting homotopy as well as cycle representatives of the homology classes in the bar construction using this method.
More details in general are in [10].

References
[1] Larry Lambe and Jim Stasheff. Applications of perturbation theory to
iterated fibrations. Manuscripta Math., 58(3):363–376, 1987.
[2] R. Brown. The twisted Eilenberg-Zilber theorem. In Simposio di Topologia
(Messina, 1964), pages 33–37. Edizioni Oderisi, Gubbio, 1965.
[3] V. K. A. M. Gugenheim. On the chain-complex of a fibration. Illinois J.
Math., 16:398–414, 1972.
[4] Donald W. Barnes and Larry A. Lambe. A fixed point approach to homological perturbation theory. Proc. Amer. Math. Soc., 112(3):881–892,
1991.
[5] Saunders Mac Lane. Homology. Classics in Mathematics. Springer-Verlag,
Berlin.
[6] Henri Cartan and Samuel Eilenberg. Homological algebra. Princeton University Press, Princeton, N. J., 1956.
[7] P. J. Hilton and S. Wylie. Homology theory: An introduction to algebraic
topology. Cambridge University Press, New York, 1960.
[8] Larry A. Lambe. Resolutions via homological perturbation. J. Symbolic
Comput., 12:71–87, 1991.
[9] Larry A. Lambe. Homological perturbation theory, Hochschild homology,
and formal groups. In Deformation theory and quantum groups with applications to mathematical physics (Amherst, MA, 1990), volume 134 of
Contemp. Math., pages 183–218. Amer. Math. Soc., Providence, RI, 1992.
[10] Larry A. Lambe. Resolutions which split off of the bar construction. J.
Pure Appl. Algebra, 84(3):311–329, 1993.

4

[11] Larry Lambe. Next generation computer algebra systems AXIOM and the
scratchpad concept: applications to research in algebra, preprint (SU).
[12] Larry A. Lambe. Scratchpad II as a tool for mathematical research. Notices
of the Amer. Mathematics Soc., 36, February, 1989, pp. 141 − 148.
[13] Larry A. Lambe. The AXIOM system. Notices of the Amer. Mathematics
Soc., 41, January, 1994, pp. 14 − 18.
[14] Richard D. Jenks and Robert S. Sutor. AXIOM Numerical Algorithms
Group Ltd., Oxford, 1992.
[15] S. Eilenberg, S. MacLane. Relations between homology and homotopy
groups of spaces. Ann. of Math. 46 (1945) pp. 480-509.
[16] S. Eilenberg, S. MacLane. Relations between homology and homotopy
groups of spaces II. Ann. of Math. 51 (1950) pp. 514-533.
[17] John Tate. Homology of Noetherian rings and local rings. Illinois Journal
of Mathematics 1: 14-27,
[18] Thomas Brady. Free resolutions for semi-direct products. Tohoku Msth. J.
(2) 45(4) 535-537. 1993.

5

